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Simpson's correspondence theorem: There exists a natural equivalence
between the category of direct sums of stable ﬁltered regular Higgs bundles of
degree zero, and of direct sums of stable ﬁltered local systems of degree zero.
1. Let Vc = {V, V, F •(V ),∇} be a complex variation of Hodge structures of
weight k on a smooth punctured curve Y \S. Then:
(a) The local system V has trivial ﬁltration and degV = 0.
(b) If the monodromies around points of S are unipotent, the logarithmic
Higgs bundle (H,Θ) corresponding to Vc is polystable of degree zero
with trivial ﬁltrations at points of S.
(c) If the degree of the logarithmic Higgs bundle (H,Θ) corresponding
to Vc is zero, then the monodromies around points of S of the local
system V are unipotent.
2. Let Lc = {L, L,∇, Q} be a polarized complex variation of Hodge struc-
tures of weight 1, rank 2, with a nontrivial Higgs ﬁeld on a smooth punc-
tured curve U = Y \S. Let ρ : pi1(U, ∗)→ PSL2(R) be the corresponding
representation and let Γ denote the image of ρ. Assume that the local
monodromies around the points s ∈ S are unipotent. The corresponding
Higgs ﬁeld of Lc is an isomorphism if and only if: Y \S ' H/Γ.
The semistable reduction theorem: Let f : X → Y be a proper surjective
map of a projective surface X onto a smooth projective connected curve Y, let
S be a set of points on Y such that the restriction f : X\f−1(S) → Y \S is
a smooth map. There exist a ﬁnite base change ϕ : Y ′ → Y, with Y ′ smooth,
connected totally ramiﬁed over S and a proper birational morphism Z → X ×Y
Y ′, where Z is smooth and such that the induced morphism g : Z → Y ′ is a
semistable family.
3. Let f : X → Y be a semistable family of curves smooth over U = Y \S,
where S is a ﬁnite set on the curve Y. Let ϕ : Y ′ → Y be a ﬁnite surjective
map, where Y ′ is a smooth curve, then X ′ = X ×Y Y ′ is normal with at
most rational double points. The induced map f ′ : X ′ → Y ′ is a weakly
semistable family. Let δ : Z → X ′ be a minimal desingularization, then
g = f ′ ◦ δ : Z → Y ′ is a semistable family and g∗ωνZ/Y ′ ∼= f ′∗ωνX′/Y ′ , for
all integers ν ≥ 1.
Viehweg-Zuo theorem: Let f : X → Y be a semistable family of curves over
a smooth projective curve Y and smooth over U = Y \S. Let ν ≥ 1 and let H be
an invertible subsheaf of f∗ωνX/Y . Then: degH ≤ ν2deg(Ω1Y (logS)).
4. We can suppose that H = Cν , where C is a line bundle on Y. In the case
of equality in the previous Arakelov inequality, i.e. the maximal case, one
has:
(a) For ν = 1 the curve Y \S is a Teichmüller curve for the familyf :
X → Y.
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(b) For ν ≥ 1 there exists a ramiﬁed covering ϕ : Y ′ → Y with the
following properties: Let A be a Higgs bundle on Y ′ deﬁned as A1,0 =
ϕ∗C, A0,1 = ϕ∗C ⊗ (ϕ∗(ωY (S)))−1,ΘA : A1,0 ∼= A0,1 ⊗ ϕ∗ωY (S) ⊆
A0,1⊗ωY ′(ϕ∗S), then A corresponds to a complex polarized variation
A of weight 1 and rank 2 on Y ′ \ ϕ−1S. We have Y \ S ∼= H/Γ0,
where Γ0 is the monodromy group of the polarized complex variation
H0 on Y \ S, where A = ϕ∗H0.
Let f : X → Y be a projective family of curves such that the genus of Y
is at least 2, the family is smooth over U = Y \S, where S is a ﬁnite set of
points on Y and X ' B2/Γ is a quotient of the complex 2-ball by a torsion-free
discrete cocompact subgroup Γ of PU(2, 1), i.e. X is a two dimensional complex
hyperbolic space form.
5. Totally geodesic ﬁbers in the family f : X → Y can't be smooth ﬁbers.
6. Let g : B2 → D be a lift of the map f : X → Y at the level of the universal
covering. The second fundamental form of ﬁbers of the family g : B2 → D
can be identiﬁed with the function:
F (z) = g2y(z)gxx(z)− 2gx(z)gy(z)gxy(z) + g2x(z)gyy(z), in a linear system
of coordinates z = (x, y) on B2.
7. Let the family f : X → Y be a semistable family of curves, then the
function F : B2 → C vanishes at order exactly one on the totally geodesic
ﬁbers, if any, in the family g : B2 → D.
8. If all singular ﬁbers in the family f : X → Y are totally geodesic, then
there is an invertible subsheaf of f∗ω⊗2X/Y which satisﬁes the maximal case
in the Arakelov inequality.
9. Let N ≥ 4 be an integer and let YΓ(N) be a complete modular curve of
level N. Let f : XΓ(N) → YΓ(N) be the elliptic modular ﬁbration. Let T be
the set of cusps on YΓ(N). Let D be the sum of all N
2 (disjoint) sections
of the family f : XΓ(N) → YΓ(N). Let ν ≥ 2 be an integer such that ν
divides N if N is odd or ν divides N2 if N is even. Let WΓ(N) be the cyclic
covering of degree ν over XΓ(N) ramiﬁed over D. Let g : WΓ(N) → YΓ(N)
be the composition of the cyclic covering map and the map f. Then the
sheaf f∗ωXΓ(N)/YΓ(N) is an invertible sheaf and for any positive integer n the
sheaf H = (f∗ωXΓ(N)/YΓ(N))⊗n is a subsheaf of g∗ω⊗nWΓ(N)/YΓ(N) and satisﬁes
the maximal case in the Arakelov inequality for the semistable family
g : WΓ(N) → YΓ(N). For the family g : WΓ(N) → YΓ(N), the curve YΓ(N)\T
is a Teichmüller curve. For N ∈ {7, 8, 9, 12}, i.e. those cases where WΓ(N)
is a 2-dimensional complex hyperbolic space form, the singular ﬁbers in
the family g : WΓ(N) → YΓ(N) are totally geodesic.
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